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AN INEQUALITY FOR t-GEOMETRIC MEANS
TRUNG HOA DINHA
Abstract. In this note we prove an inequality for t-geometric means that immediately
implies the recent results of Audenaert [2] and Hayajneh-Kittaneh [6].
1. Introduction
Recall that a norm ‖| · ‖| on the algebra Cn×n of n × n complex matrices is unitarily
invariant if ‖|UAV ‖| = ‖|A‖| for any unitary matrices U, V ∈ Cn×n and any A ∈ Cn×n.
In [2] Audenaert proved that if Ai, Bi ∈ Pn (i = 1, · · · , m), such that AiBi = BiAi, then
for any unitarily invariant norm ‖| · ‖| on Cn×n,
‖|
m∑
i=1
AiBi‖| 6 ‖| (
m∑
i=1
A
1/2
i B
1/2
i )
2‖| 6 ‖| (
m∑
i=1
Ai)(
m∑
i=1
Bi)‖| . (1.1)
In particular, this result confirms a conjecture of Hayajneh and Kittaneh in [6] and answers
a question of Bourin. Very recently Lin [7] gave another proof of inequality (1.1). In the
next section, based on a result of Bourin and Uchiyama in [4] we prove an inequality for
t-geometric means that immediately implies (1.1).
2. Main result
The following lemma is follows from the well-known Hiai-Ando log-majorization Theorem
and [8, Proposition 2.2].
Lemma 2.1. Let A,B ∈ Pn and t ∈ [0, 1] and s > 0. For all unitarily invariant norms ‖| · ‖|
on Cn×n,
|||(A♯tB)
r||| 6 |||Ar♯tB
r||| 6 ‖|
(
Brts/2A(1−t)rsBrts/2
)1/s
‖| 6 ‖|
(
A(1−t)rsBrts
)1/s
‖| .
The following theorem was obtained by Bourin and Uchiyama [4, Theorem 1.2].
Theorem 2.2. Let Ai > 0 (i = 1, · · · , m). Then for every non-negative convex function f
on [0,∞) with f(0) = 0 and for any unitarily invariant norm ||| · |||
|||f(A1) + f(A2) + · · · f(Am)||| 6 |||f(A1 + A2 + · · ·+ Am)|||. (2.1)
The above inequality is reversed if f is non-negative concave function on [0,∞) with f(0) = 0.
Now we will prove our main theorem.
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Theorem 2.3. Let Ai, Bi ∈M
+
n , i = 1, . . . , m. Then for any unitarily invariant norm ‖| · ‖|
on Mn and r > 1 we have
‖|
m∑
i=1
(Ai♯tBi)
r‖| 6 ‖| (
m∑
i=1
Ai)
r/4(
m∑
i=1
Bi)
r/2(
m∑
i=1
Ai)
r/4‖| 6 ‖| (
m∑
i=1
Ai)
r/2(
m∑
i=1
Bi)
r/2‖| .
(2.2)
Proof. Since the function xr is convex and monotone increasing, by Theorem 2.2 and the
concavity of the t-geometric means, we have
‖|
m∑
i=1
(Ai♯tBi)
r‖| 6 ‖| (
m∑
i=1
Ai♯tBi)
r‖| 6 ‖|
(
(
m∑
i=1
Ai)♯t(
m∑
i=1
Bi)
)r
‖| . (2.3)
On account of Lemma 2.1
‖|
(
(
m∑
i=1
Ai)♯t(
m∑
i=1
Bi)
)r
‖| 6 ‖| (
m∑
i=1
Ai)
r/4(
m∑
i=1
Bi)
r/2(
m∑
i=1
Ai)
r/4‖| 6 ‖| (
m∑
i=1
Ai)
r/2(
m∑
i=1
Bi)
r/2‖| .
(2.4)
Combining (2.3) and (2.4), we get (2.2). 
Remark 2.4. The case when r = 2 was considered in [8]. The results of Audenaert [2] and
Hayajneh-Kittaneh [6] are the special case of (2.2) when r = 2 and t = 1
2
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